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To achieve consistent solutions is an important goal in group decision
making problems. However, the expression of preferences is often a very
difficult task for the experts, specially in decision problems with a high
number of alternatives and when experts use fuzzy preference relations
to provide their opinions. This usually leads to situations where experts
are not able to properly express all their preferences in a consistent way,
that is, without contradiction. In this paper, to overcome this problem,
we present a decision support system based on consistency criteria to
aid experts to express their fuzzy preference relations in a more consis-
tent way. The system works interactively with the expert by providing
him/her recommendations on the preference values that he/she has not yet
expressed. These recommendations are computed trying to maintain the
expert’s consistency level as high as possible.

Keywords: fuzzy preference relations, decision support systems, incomplete
information, consistency property

1 INTRODUCTION

In Group Decision Making (GDM) problems we have a set of expertsE =
{e1, . . . , em} that provide their preferences about a set of alternativesX =
{x1, . . . , xn}. Usually, GDM problems are faced by applying two different
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processes before a final solution of alternatives can be given [9, 10, 12, 15,
17, 18, 21]:the consensus process and the selection process. The consensus
process refers to how to obtain the maximum degree of consensus or agreement
between the set of experts. Usually, the consensus process is guided by a
human figure called moderator [9, 10, 15]. The selection process obtains the
final solution according to the preferences given by the experts. It involves
two different steps [11, 12, 16, 23]: the aggregation of individual preferences
and the exploitation of the collective preference. Clearly, it is preferable that
the experts achieve a high level of consensus among their preferences before
applying the selection process.

There exist different representation formats that experts can use to express
their preferences, as for example [4,5]: preference orderings, utility functions,
fuzzy preference relations or multiplicative preference relations. Fuzzy Pref-
erence Relations (FPRs) [4,6,20,22] have been widely used because they are
a very expressive format and also they present good properties that allow to
operate with them easily [20,22].

Although FPRs have a very high level of expressivity and present good
properties to operate with them easily, however their use can also present some
drawbacks. In order to use FPRs, a preference degree between all possible pairs
of different alternatives is required, and therefore the amount of information
that the experts have to provide increases exponentially with respect to the
cardinality of the set of alternatives [18, 19]. This usually leads to situations
where the expert is not able to express the required preferences in a consistent
and complete way. This means that decision situations with inconsistent and
incomplete FPRs need to be addressed.

In [1, 19], a procedure which computes the missing values of an incom-
plete FPR taking into account the expert’s consistency level was developed.
However, this procedure did not take into account the initial contradiction
an expert could have introduced in his/her preferences. Also, the estimated
values of those unknown ones this procedure computes might not be accepted
by the expert even though they were computed in order to increase the over-
all consistency level of the expert; an scenario which is not covered by this
procedure. Thus, it would be desirable to design a computer driven decision
model to deal with GDM problems based on FPRs to avoid the appearance
of inconsistent and incomplete information. This computer driven decision
model should include software tools to aid the experts to express their prefer-
ences and to avoid the above the aforementioned problems. Because experts
might not be familiar with FPRs, the aiding tools must be easy enough to use
and should follow the general principles of interface design [3].

In this paper we present aninteractive decision support system to aid experts
to express their preferences in a consistent way. The system will give recom-
mendations to each expert while he/she is providing the preference values
of FPR in order to maintain a high level of consistency, as well as to avoid
missing information. Also, the system will provide measures of the current
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level of consistency and completeness that the expert has achieved, which
can be used to minimise situations of self contradiction. This system has
been programmed using Java technologies and it allows its integration in
web-based applications which are increasingly being used in group decision
support environments [2,28].

The rest of the paper is set out as follows. Section 2 presents concepts,
notations, definitions and procedure necessary throughout the paper. In Sec-
tion 3 the consistency based interactive decision support system is described in
detail. Section 4 presents an example of application of the interactive decision
support system. Finally, Section 5 draws our conclusions.

2 PRELIMINARIES

In this section the notion of Incomplete FPR, the Additive Consistency Prop-
erty and its use in estimating missing values in a FPR, some Consistency
Measures and Completeness Measures are presented.

2.1 Incomplete FPRs
Definition 1. A FPRP on a set of alternativesX is a fuzzy set on the product
setX × X characterized by a membership functionµP : X × X −→ [0, 1].

When cardinality ofX is small, the preference relation may be conveniently
represented by then × n matrix P = (pik), beingpik = µP (xi, xk) (∀i, k ∈
{1, . . . , n}) interpreted as the preference degree or intensity of the alternative
xi over xk: pik = 1/2 indicates indifference betweenxi andxk (xi ∼ xk),
pik = 1 indicates thatxi is absolutely preferred toxk, andpik > 1/2 indicates
thatxi is preferred toxk (xi � xk). Based on this interpretation we have that
pii = 1/2 ∀i ∈ {1, . . . , n} (xi ∼ xi).

Usual models to solve GDM problems assume that experts are always
able to provide all the preferences required, that is, to provide allpik values.
This situation is not always possible to achieve. Experts could have some
difficulties in giving all their preferences due to lack of knowledge about part
of the problem, or simply because they may not be able to quantify some of
their degree of preference. In order to model such situations, we define the
concept of anincomplete fuzzy preference relation [19].

Definition 2. Afunctionf : X −→ Y is partial when not every element in the
setX necessarily maps onto an element in the setY . When every element from
the setX maps onto one element of the setY then we have a total function.

Definition 3. An incomplete FPRP on a set of alternativesX is a fuzzy set on
the product setX × X that is characterized by a partial membership function.

As per this definition, we call a FPR complete when its membership function
is a total one. Clearly, Definition 1 includes both definitions of complete and
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incomplete FPRs. However, as there is no risk of confusion between a complete
and an incomplete FPR, in this paper we refer to the first type as simply FPR.

2.2 Additive Consistency Property and Some Consistency Measures
Obviously, an inconsistent source of information is not as useful as a con-
sistent one. It would therefore be quite important to be able to measure the
consistency of the information provided by experts so as to avoid inconsis-
tent opinions. Consistency is related with rationality, which is associated with
the transitivity property [8,20]. Transitivity seems like a reasonable criterion
of coherence for an individual’s preferences: ifx is preferred toy andy is
preferred toz, common sense suggests thatx should be preferred toz. Many
properties have been suggested to model transitivity, amongst which we can
cite [20]: triangle condition, weak transitivity, max–min transitivity, max–max
transitivity, restricted max–min transitivity, restricted max–max transitivity,
multiplicative transitivity, additive transitivity.

As shown in [20], additive transitivity for FPRs can be seen as the par-
allel concept of Saaty’s consistency property for multiplicative preference
relations [24]. The mathematical formulation of the additive transitivity was
given by Tanino in [25]:

(pij − 0.5) + (pjk − 0.5) = (pik − 0.5) ∀i, j, k ∈ {1, . . . , n} (1)

This kind of transitivity has the following interpretation: suppose we want to
establish a ranking between three alternativesxi , xj andxk, and that the infor-
mation available about these alternatives suggests that we are in an indifference
situation, i.e.xi ∼ xj ∼ xk. When giving preferences this situation would be
represented bypij = pjk = pik = 0.5. Suppose now that we have a piece of
information that saysxi ≺ xj , i.e.pij < 0.5. This means thatpjk or pik have
to change, otherwise there would be a contradiction, because we would have
xi ≺ xj ∼ xk ∼ xi . If we suppose thatpjk = 0.5 then we have the situation:
xj is preferred toxi and there is no difference in preferringxj to xk. We must
then conclude thatxk has to be preferred toxi . Furthermore, asxj ∼ xk then
pij = pik , and so(pij − 0.5) + (pjk − 0.5) = (pij − 0.5) = (pik − 0.5).
We have the same conclusion ifpik = 0.5. In the case ofpjk < 0.5, then we
have thatxk is preferred toxj and this toxi , soxk should be preferred toxi .
On the other hand, the valuepik has to be equal to or lower thanpij, being
equal only in the case ofpjk = 0.5 as we have already shown. Interpreting
the valuepji −0.5 as the intensity of preference of alternativexj overxi , then
it seems reasonable to suppose that the intensity of preference ofxi overxk

should be equal to the sum of the intensities of preferences when using an
intermediate alternativexj , that is,pik − 0.5 = (pij − 0.5)+ (pjk − 0.5). The
same reasoning can be applied in the case ofpjk > 0.5.

Additive transitivity implies additive reciprocity. Indeed, becausepii =
0.5 ∀i, if we makek = i in (1) then we have:pij +pji = 1 ∀i, j ∈ {1, . . . , n}.
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Expression (1) can be rewritten as:

pik = pij + pjk − 0.5 ∀i, j, k ∈ {1, . . . , n} (2)

We will consider a FPR to beadditive consistent when for every three options
in the problemxi, xj , xk ∈ X their associated preference degreespij, pjk , pik
fulfil (2). An additive consistent FPR will be referred as consistent throughout
the paper, as this is the only transitivity property we are considering.

Given a FPR we can define the following consistency measures [19]:

• The consistency measure of a preference value pik :

CLik = 1 − εpik (3)

whereεpik represents the average deviation or error of all possible
estimatescpj l

ik (l ∈ {1, 2, 3}) with respect to the preference valuepik
defined as

εpik = 2

3
·

∑n
j=1

j �=i,k

(|cpj1
ik − pik | + |cpj2

ik − pik | + |cpj3
ik − pik |)

3(n − 2)
(4)

• The consistency measure of a FPR P h:

CLh =
∑n

i,k=1
i �=k

CLh
ik

n2 − n
(5)

2.3 Estimating Missing Values Using the Additive Consistency Property
Expression (2) can be used to calculate an estimated value of a preference
degree using other preference degrees in a FPR. Indeed, the preference value
pik (i �= k) can be estimated using an intermediate alternativexj in three
different ways [19]:

• Frompik = pij + pjk − 0.5 we obtain the estimate

(cpik)
j1 = pij + pjk − 0.5 (6)

• Frompjk = pji + pik − 0.5 we obtain the estimate

(cpik)
j2 = pjk − pji + 0.5 (7)

• Frompij = pik + pkj − 0.5 we obtain the estimate

(cpik)
j3 = pij − pkj + 0.5 (8)
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Then, we can estimate the value of a preferencepik according to the following
expression:

cpik =

∑n
j=1

j �=i,k

(cpj1
ik + cpj2

ik + cpj3
ik )

3(n − 2)
(9)

When working with an incomplete FPR, 9 cannot be used to estimate
preference values.

If an experteh provides an incomplete FPRP h, the following sets can be
defined [19]:

A = {(i, j) | i, j ∈ {1, . . . , n} ∧ i �= j}
MV h = {(i, j) ∈ A | ph

ij is unknown}
EV h = A \ MV h

Hh1
ik = {j �= i, k | (i, j), (j, k) ∈ EV h}

Hh2
ik = {j �= i, k | (j, i), (j, k) ∈ EV h}

Hh3
ik = {j �= i, k | (i, j), (k, j) ∈ EV h}

– MV h is the set of pairs of alternatives whose preference degrees are not
given by experteh;

– EV h is the set of pairs of alternatives whose preference degrees are
given by the experteh;

– Hh1
ik , Hh2

ik , Hh3
ik are the sets of intermediate alternativesxj (j �= i, k)

that can be used to estimate the preference valueph
ik (i �= k) using

equations (6), (7), (8) respectively.

Expression 9 can be extended to compute missing preference values in an
incomplete FPR as follows. Thefinal estimated value of a missing preference
degreeph

ik((i, k) ∈ EV h) for an experteh is calculated as:

cph
ik =

∑
j∈Hh1

ik
(cph

ik)
j1 + ∑

j∈Hh2
ik

(cph
ik)

j2 + ∑
j∈Hh3

ik
(cph

ik)
j3

#(Hh1
ik ) + #(Hh2

ik ) + #(Hh3
ik )

(10)

In [19] an estimation procedure of missing values for incomplete FPRs
was designed and it was proved that an incomplete FPRs can be succssully
completed when a set ofn− 1 non-leading diagonal preference values, where
each one of the alternatives is compared at least once, is known. Consequently,
when(#(Hh1

ik ) + #(Hh2
ik ) + #(Hh3

ik )) = 0 the preference valueph
ik((i, k) ∈

EV h) cannot be estimated using the rest of known values.
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2.4 Completeness Measures
In decision-making situations with incomplete information, the notion of com-
pleteness is also an important factor to take into account when analysing the
consistency. Clearly, the higher the number of preference values provided by
an expert the higher the chance of inconsistency. Therefore, a degree of com-
pleteness associated with the number of preference values provided should
also be taken into account to produce a fairer measure of consistency of an
incomplete FPR.

Given an incomplete FPR we can define two completeness measures [19]:

• Completeness measure of a relation P h:

CPh = #(EV h)

n2 − n
. (11)

• Completeness Measure of an alternative xi:

CPh
i = #EV h

i

2(n − 1)
(12)

where #EV h
i (EV h

i ⊆ EV h) is the number of preference values known
for xi .

3 A DECISION SUPPORT SYSTEM TO AID EXPERTS TO
EXPRESS CONSISTENT PREFERENCES

In this section we describe in detail the interactive decision support system
to aid experts to express their FPRs in a consistent way. We will start by
enumerating the design goals and requirements taken into account in its design,
and aferwards we will describe the actual implementation of every requirement
in the system will be described.

3.1 Design Goals and Requirements
Our design goals and requirements could be splitted in two different parts:
Interface Requirements, andLogical Goals.

Interface Requirements: These requirements deal with the visual represen-
tation of the information and the different controls in the system. The system
is desired to comply with the so called “Eight Golden Rules” [3] for interface
design:

GR 1. Strive for consistency.
GR 2. Enable frequent users to use shortcuts.
GR 3. Offer informative feedback.
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GR 4. Design dialogues to yield closure.
GR 5. Offer simple error handling.
GR 6. Permit easy reversal of actions (undo action).
GR 7. Support internal focus of control (user is at charge).
GR 8. Reduce short-term memory load of the user.

Logical Goals:

Goal 1. Offer recommendations to the expert to guide him toward a highly
consistent and complete FPR.

Goal 2. Recommendations must be given interactively.
Goal 3. Recommendations must be simple to understand and to apply.
Goal 4. The user must be able to refuse recommendations.
Goal 5. The system must provide indicators of the consistency and

completeness level achieved in every step.
Goal 6. The system should be easy to adapt to other type of preference

relations.
Goal 7. The system should be easy to incorporate to Web-based GDM

models and decision support systems [2,28].

3.2 Actual Implementation
We will now detail how we have dealt with every requirement and goal that we
have presented in the previous section. To do so, we will make use of a snap-
shot of the system (Figure 1) where we will point out every implementation
solution.

FIGURE 1
Snapshot of the Decision Support System.
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Implementation of the Interface Requirements:

• GR 1. The interface has been homogenised in order to present easily a
view of the process that is being carried out. We have introduced 3 main
areas: In area number(1) we present the FPR that the expert is introduc-
ing, as well as a brief description of every alternative. Area number(2)
contains several global controls to activate/deactivate certain functions,
as well as to finish the input process. Area number(3) contains different
measures that show the overall progress (see below).

• GR 2. Shortcuts have been added to the most frequent options, and the
input text areas for the preference values have been ordered to access
them easily using the keyboard.

• GR 3. Our system provides recommendations(4) and consistency and
completeness measures(5) (see below). All controls have tooltips.

• GR 4. With every change that the user makes to his/her preferences the
system provides new recommendations and measures.

• GR 5. Incorrect inputs are prompt with error messages.

• GR 6. We have introducedundo andredo buttons(6).

• GR 7. The user can choose at every moment which preference value
wants to give or update, as well as enabling/disabling options.

• GR 8. All information is presented in a single screen.

Logical Goals:

• Goal 1. To offer recommendations, the system computes all the missing
values that could be estimated by usingequation 10 and it presents them
in area(1). As the values are computed taking into account the additive
transitivity property, the recommendations should tend to increment the
overall consistency level. They are presented in a different colour (gray)
(4) to differentiate them from the expert values(7).

• Goal 2. When the expert introduces or updates a preference value all
possible recommendations are recomputed and presented.

• Goal 3. Recommendations are given in the same manner as the user
inputs his/her preferences. There is also a button that enables the user
to accept or validate a given recommendation(8).

• Goal 4. A user can choose any value for a particular preference degree
ignoring all the recommendations.

• Goal 5. The system provides consistency and completeness mea-
sures based on expressions (5) and (11), respectively. These two
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measures re combined into a global consistency/completeness measure
that informs the expert of his/her current degree of consistency and
completeness:

CCh = CLh · CPh (13)

• Goal 6. As the system is programmed following the principles of Object
Oriented Programming, its adaptations to different type of preference
relations is an easy task.

• Goal 7. As the system is Java based, it can be easily incorporated into
a web-based environment.

4 EXAMPLE OF THE USE OF THE DECISION SUPPORT SYSTEM

In this section we present an example of the use of the interactive decision
support system. In this example, an expert provides his/her preferences about
four different cars in order to select the best one of them:

• Black, economic and slow car:Black Car (x1).

• Red, very small, fast and comfortable car:Red Car (x2).

• White and very fast car. It consumes little but it is very expensive:White
Car (x3).

• Blue, very small and very cheap car:Blue Car (x4).

The expert will provide his preferences about the car in form of a FPRP ,
and thus, he can use the interactive decision support system to improve the
consistency and completeness of his preference relation.

The expert starts by providing the following preference values:p12 = 0.6
andp13 = 0.6. The system estimates the following preference valuesp23 =
0.5 andp32 = 0.5 (see Figure 2). Note that asp12 and p13 are equal, it
is logical to assume thatx2 andx3 are equally preferred (if the consistency
property is correctly applied). At this point, we observe that the consistency
level is maximum (CL = 1.0), that is, there is no contradiction in the values
that the expert has introduced, and the completeness level (CP = 0.17) is very
low because he has provided just 2 values out of the 12 required.

At this point, the expert accepts the values estimated by the system. As he
accepts those values, the system provides new estimations for the preference
valuesp21 = 0.4 andp31 = 0.4. The completeness level increases (CP =
0.33) while the consistency level is maintained (CL = 1.0) (see Figure 3).
These new estimated values have been computed based on totally consistent
preference values and therefore are also totally consistent with them.

Now, the expert considers that the estimation forp21 does not really corre-
spond with his/her opinion and changes that estimated value from 0.4 to 0.8.
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FIGURE 2
An expert gives his/her first preference values.

FIGURE 3
The expert accepts the values that the system suggestes.

The system detects that there is a notable contradiction with this new value,
and consequently, it marks that value in red. Obviously, the global consistency
level decreases (CL = 0.85) (see Figure 4). The expert realizes that the sys-
tem estimation is indeed correct and that he is introducing a inconsistency in
his/her preference relation (p12 = 0.6 ⇒ x1 � x2 andp21 = 0.8 ⇒ x2 � x1).
In order to avoid this situation, the expert changesp21 to the value initially
suggested by the system (p21 = 0.4).
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FIGURE 4
The expert introduces some inconsistency in his/her preferences.

The expert provides the following preference value:p43 = 0.70. In the
following we suppose that the expert completes the preference relationP with
values similar but not necessarily equal to the ones proposed by the system (in
bold are the values provided by the expert and initalic the values estimated
by the system):



− 0.60 0.60 x

0.40 − 0.50 x

0.40 0.50 − x

x x x −




p43=0.70−−−−−→




− 0.60 0.60 0.40
0.40 − 0.50 0.30
0.40 0.50 − x

0.60 0.7 0.70 −




p14=0.30−−−−−→




− 0.60 0.60 0.30
0.40 − 0.50 0.23
0.40 0.50 − 0.20
0.60 0.73 0.70 −




p24=0.20−−−−−→




− 0.60 0.60 0.30
0.40 − 0.50 0.20
0.40 0.50 − 0.20
0.63 0.73 0.70 −




p34=0.30−−−−−→




− 0.60 0.60 0.30
0.40 − 0.50 0.20
0.40 0.50 − 0.30
0.62 0.72 0.70 −




p41=0.62−−−−−→




− 0.60 0.60 0.30
0.40 − 0.50 0.20
0.40 0.50 − 0.30
0.62 0.72 0.70 −




p42=0.72−−−−−→




− 0.60 0.60 0.30
0.40 − 0.50 0.20
0.40 0.50 − 0.30
0.62 0.72 0.70 −
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FIGURE 5
The expert introduces some inconsistency in his/her preferences.

Finally, the system provides (see Figure 5) a consistency levelCL = 0.97
which means that the preference relationP is highly consistent, but not com-
pletely consistent as the expert slightly changed the values suggested by
the system. The completeness level isCP = 1.0 which means that all the
preference values have been provided by the expert.

5 CONCLUDING REMARKS

In this paper we have presented an interactive decision support system which
aids experts to provide consistent and complete FRRs in decision-making
contexts. The system reacts to an expert input of preference values by providing
recommendations of future preference values. These are calculated based on
the additive transitivity property and therefore the system tries to maintain the
consistency of the expert.

In future works we will improve the system as to be capable of dealing with
other type of preference relations (linguistic, multiplicative, interval-valued
preference relations) [7,11–15,24,26,27]. Additionally, it will be incorporated
into a more sophisticated consensus process and will be adapted to use other
sources of information such as consensus measures. Finally, it will be deployed
into mobile and distributed GDM environments where the experts will be able
to provide their preferences about the alternatives using limited devices as
mobile phones and PDAs.
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